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Abstract 

This note collects a number of standard statements in Riemannian geometry and in Sobolev- 
space theory that play a prominent role in analytic approaches to symplectic topology. These 
include relations between connections and complex structures, estimates on exponential-like 
maps, and dependence of constants in Sobolev and elliptic estimates. 
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1 Connections in real vector bundles 



1.1 Connections and splittings 

Suppose M is a smooth manifold and ir : E — > M is a vector bundle. Trivializations of M induce 
a bundle inclusion tt*E — >TE so that the sequence of vector bundles over E 



— ► tt*E - 
is exact. For each /gC°°(M), define 

nif-.E — > E by 
We then have a commutative diagram 



TE tt*TM 







m 



f(v) = f(ir(v)) ■ v V vEE. 











■TT*E 

■n*E — 



TE- 



dn 



dm i 



m * TE 



ir*TM ■ 

id 

ir*TM ■ 



(1.1) 
(1.2) 

(1.3) 







of bundle maps over E. 

A connection in E is an R-linear map 

V : T(Af; E) — > T(M; T* M®^E) s.t. V(/0 = d/<g£ + /Vf V feC°°(M), £eT(M;E). (1.4) 

The Leibnitz property implies that any two connections in S differ by a one-form on M. In other 
words, if V and V are connections in E there exists 



6 e r(M; T*M® E Hom R (£, E)) s.t. 
V„£ = V„£ + {0(u)}£ V^er(M;^), vET.M, xGM. 



(1.5) 



A connection V in E is a local operator, i.e. the value of V£ at a point x£M depends only on the 
restriction of £ to any neighborhood U of x. If / is a smooth function on M supported in U such 
that f(x) = l, then 

Vt\ x = V(fO\ x -t*f®Z(x) (1-6) 
by (|1.4p . The right-hand side of (|1.6p depends only on £|tj- 

In fact, a connection V in E is a first-order differential operator. Suppose U is an open subset of 
M and £i, . . . , £ n G r(U; £") is a frame for E on U, i.e. 

£i(x), . . . ,£ n (x) e E x 

is a basis for E x for all x£U. By definition of V, there exist 

k=n k=n 

6?er(M;T*M) s.t. V6 = 2^i=E^ VZ = l,...,n. 

fc=i fe=l 
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We will call 

= (Oi) kil=lt ..., n G r(S; T*M® R Mat„R) 
the connection one-form of V with respect to the frame For an arbitrary section 

l=n 

£ = Xy&€r(U;£), 

Z=l 

by (|l,4p we have 

fc=n i=ra 

v e = E^( d / fc +E^/')' Le - v (i-/')=i-{ d + }Z*> (i-7) 

fc=l i=l 

where £=(&,...,£„), / = (A • • • , /")• (1-8) 

Thus, V is a first-order differential operator. It is immediate from (|1.4|) that the symbol of V is 
given by 

<x v : T*M — ► Kom(E,T*M® R E), {ov (»?)}(/) = ?7 ® /• 

Since M C i£ as the zero section, there is a natural splitting 

TE\ M ^TM@E (1.9) 
of the exact sequence (jl.ip restricted to M. If xGM and £sr(M;.E) is such that £(x) = 0, then 

Ve| x =vr 2 U.od^, (1.10) 

where 7T2| X : T X E — > E x is the projection onto the second component in (jl.9p . This observation 
follows from (jl.5p . as well as from (jl.7p . 

Lemma 1.1. Suppose M is a smooth manifold andir: E — >M is a vector bundle. A connection V 
in E induces a splitting 

TE ~ tt*TM © ir*E (1.11) 
o/ i/te exact sequence hl.l\) extending the splitting hl.9\) such that 

Vel^^Uod^ Veer(M;S), xGM, (1.12) 
where tt2\x'- T x E — >E X is the projection onto the second component in and 

dm t ps ?r*id © TT*m t VtGM, (1.13) 
i.e. i/ie splitting is consistent with the commutative diagram U.3\) . 
Proof: For each xEM and vEE x , choose £gT(M;E) such that £(x)=v and let 

T v E h = lm{d^-VC}\ x CT v E. 

Since 7ro£ = idM, 

d„vro {d£-V£} =id TxM T V E ^ T v E h (B E x ^ T X M (B E x . 
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If v = 0, then by (fTTOl) 

T v E h = T V M. 

If v 7^0, ( £T(M; E) is another section such that C(x) = v, and U is sufficiently small, then C = /£ 
for some /gC°°(U) with f(x) = l and thus 

{dC-VC}\ x = {d(/6-V(/a}L = K/^H/WcU} - {d x /®^(x)+/(x)Ve|4 

= R-ve}L- 

The second equality above is obtained by considering a trivialization of E near x. Thus, T v E h 
is independent of the choice of £ and we obtain a well-defined splitting (jl.lip of (jl.ip that satis- 
fies (fLT2l) and extends (Oi 

It remains to verify (|1 . 13[) . Since 7romt = 7r, d7rodmt = d7r, i.e. the first component of dmt vanishes 
on TE and is the identity on tt*TM. On the other hand, if ££T(M;E) and x£M, then 

T tax) E h = Im{d(m t oO-V(tO}\ x = Im{dm t od(-m t VC}\ x = Imdm ( o {d^-VC}^ 
= dm t (T t ^ x) E h ). 

The last equality on the first line follows from (I1.3D . These two observations imply fll . 13j) . 
1.2 Metric-compatible connections 

Suppose E — >M is a smooth vector bundle. Let g be a metric on E, i.e. 

jer(M;£*8R£*) s.t. g(v,w) = g(w,v), g(v,v) > V v,w e E x , v^Q, xeM. 
A connection V in E is ^-compatible if 

d(<7(£, 0) = S(V£, C) + VC) G r(M; T*M) V £, ( G T(M; £). 



Suppose U is an open subset of M and £i , . . . , £ n G T(U; E) is a frame for E on U. For i, j = 1, . . . , n, 
let 

<7« = <7(£i,£#)€C'° (U). 

If V is a connection in is 1 and is the connection one- form for V with respect to the frame {£fc}fc, 
then V is ^-compatible on U if and only if 

k=n 

(9ik j + 9jk0i) = d gij V i, j = 1,2, ... ,n. (1.14) 

fc=i 

1.3 Torsion-free connections 

If M is a smooth manifold, a connection V in TM is torsion-free if 

VxY-VyX = [X,Y}. 
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If (xi, . . . , x n ) : U — >W l is a coordinate chart on M, let 

^'•••'^ Gr(U;TM) 

be the corresponding frame for TM on U. If V is a connection in TM, the corresponding connection 
one-form 6 can be written as 

<f = £l%dx' 1 where V e/fls A = £l* * 

i=l ^ k=l 

The connection V is torsion- free on TM\\j if and only if 

rf i = r£ Vi,i,fc = i,... J n. (i.i5) 

Lemma 1.2. If (M,g) is a Riemannian manifold, there exists a unique torsion-free g-compatible 
connection V in TM. 

Proof: (1) Suppose V and V are torsion-free ^-compatible connections in TM. By (JT3J), there 
exists 

9 G r(M;T*M® R Hom M (TM,TM)) s.t. 
V x r- V x 7= {#(X)}y Vyer(M;TM), XeT x M, xeM. 

Since V and V are torsion-free, 

{6{X)}Y = {9(Y)}X V X,Y £T X M, xeM. (1.16) 

Since V and V are ^-compatible, 

'g({6(X)}Y,Z) +g(Y,{9(X)}Z) =0 

5 ({0(y)}X,Z) +g(X,{9(Y)}Z) =0 V X, Y, Z e T X M, xG M. (1.17) 

.<7({0(z)}x,y) + 5 (x,{0(z)}y) = o 

Adding the first two equations in ([1.170 . subtracting the third, and using ([1.160 and the symmetry 
of g, we obtain 

2g({9(X)}Y,Z) = V X,Y, Z e T X M, xG M =>• = 0. 

Thus, V = V. 

(2) Let (xi, . . . ,x n ) : U — ?■ W 1 be a coordinate chart on M. With notation as in the paragraph 
preceding Lemma 1 1.21 V is ^-compatible on TM\jj if and only if 

l=n 

^2{9uT l kj + 9jiT l ki )=a Xk g ij ; (1.18) 
i=i 
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see p.!4p . Define a connection V in TM |u by 

. Z=n 

= 2 X] ^ + - d Xl gij) V i, j, k = 1, . . . , n, 

1=1 

where is the (i, j)-entry of the inverse of the matrix (gij)ij=i,..., n - Since gij = gji, r& satisfies 
(|1.15p ; a direct computation shows that T^- also satisfies (|1.18p . Therefore, V is a torsion- free g- 
compatible connection on TM\\j. In this way, we can define a torsion- free ^-compatible connection 
on every coordinate chart. By the uniqueness property, these connections agree on the overlaps. 



2 Complex structures 

2.1 Complex linear connections 

Suppose M is a smooth manifold and tt : (E, i) — > M is a complex vector bundle. Similarly to 
Subsection 11.11 there is an exact sequence of vector bundles 

— ► ir*E — >TE n*TM — > (2.1) 
over E. If / EC°°(M; C) and mt : E — >E is defined as in (I1.2D . there is a commutative diagram 



*~ir*E- 



■TE- 



(in 



dmr 



TT*TM >■ 

id 



(2.2) 



tt*E rrijTE W * TM 

of bundle maps over E. 
Suppose 

V : T(M; E) — > T(M; T*M®rE) 

is a C-linear connection, i.e. 

V„(i£) = i(V„£) V£ E T(M;E), v£TM. 
If U is an open subset of M and £i, . . . , £ n E T(U; S) is a C-frame for on U, then there exist 



k=n 



k=n 



1?eT(M;T*M) s.t. V£, = Zk0i=J2 d i®& v/ = 1 --- 



n. 



fc=i 



We will call 



19 = (#f) fci=1 ... n er(£;T*M® R Mat n <! 



the complex connection one-form of V with respect to the frame For an arbitrary section 

l=n 
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by (jl,4p and C-linearity of V we have 

k=n l=n 

V£ = J2&(df k + J2 e if l )> le - V(t-l t )=£-{d + e}£, (2.3) 



k=l 1=1 

where £ and / are as (II. 8jl . 

Let g be a hermitian metric on E, i.e. 



<7 G r(M;Homc(E(3cE,C)) s.t. g(v,w) = g(w,v), g(v,v) > V v,w £ E x , v^O, i£M. 
A C-linear connection V in is g-compatible if 

d(s(£, 0) = 5(Ve, C) + 9(£, VC) G r(M; T*M® R C) V £, C G T(M; £). 
With notation as in the previous paragraph, let 

&i=s(&,£i)e<?°°(U;C) Vi,j = l,...,n. 
Then V is (^-compatible on U if and only if 

k=n 



(dikOj + 9jk^) = d 9lj V i, j = 1, 2, . . . , n. (2.4) 



k=l 



2.2 Generalized 5-operators 

If (S,j) is an almost complex manifold, let 

T*TP' 1 = {i?GrS®iC: 7]o) =[ V } and ^E ' 1 = {i?GT*S® R C: r] o j = — i^} 

be the bundles of C-linear and C-antilinear 1-forms on E. If (E, j) and (M, J) are smooth almost 
complex manifolds and u: E — >M is a smooth function, define 



djjU G r(E; T*E 0,1 (g>cu*TM) by fyju = -(du + J o du o j). (2.5) 



A smooth map u: (E,j) — >(M,J) will be called ( J, j)-holomorphic if <9jju = 0. 

Definition 2.1. Suppose (E,j) is an almost complex manifold and n : (E,i) — >■ E is a complex 
vector bundle. A d-operator on (E,x) is a C-linear map 

8: r(E;£) — > r(E; T*S 0,1 <8)c^) 

9(/0 = (9/)®e + /(90 v/gc°°(e), eer(E;E), (2.6) 

where df = b\-,f is the usual d-operator on complex-valued functions. 
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Similarly to Subsection 11.14 a <9-operator on {E, i) is a first-order differential operator. If U is an 
open subset of M and £1, . . . , £ n G r(U; E) is a C- frame for E on U, then there exist 

k=n k=n 

flfer^fs - 1 ) s.t. 0& = ^£ fe 0f = £> fc «>6 vz = i,...,n. 

fc=i fc=i 

We will call 

9 = (^) M=1 ,..., n G r(S;T*S ' 1 ® c Mat„,C) 
the connection one-form of B with respect to the frame For an arbitrary section 

Z=l 

by (|2.6p we have 

fe=n Z=n 
k=l 1=1 

where £ and / are as in ()1 .8[) . It is immediate from (|2.6p that the symbol of d is given by 

ag-.T^^RomciE^^^cE), {a d (v)}(f) = [v + i»7 )) ® /■ 

In particular, 5 is an elliptic operator (i.e. crg(rj) is an isomorphism for if (S, j) is a Riemann 

surface. 

Lemma 2.2. Suppose is an almost complex manifold and ir: (E,i) — )•£ is a complex vector 

bundle. If 

d: T(E\E) — ► r(S;T*S°' 1 ® c £;) 

is a d-operator on (E,i), there exists a unique almost complex structure J=Jq on (the total space 
of) E such that n is a (j, J)-holomorphic map, the restriction of J to the vertical tangent bundle 
TET' ~7r* E agrees with i, and 

0jj£ = O€ rOJjT*!] ' 1 ®^*^) <J=^ <9£ = E r(U; r*E°' 1 (8)c-E') (2.8) 
for every open subset U of S and ^sr(U;£'). 
Proof: (1) With notation as above, define 

p:UxC n — >E|u by ^(x, c 1 , . . . , c n ) = |(x) • c* = ]T c fc £ fc (x) G 

k=i 

The map 99 is a trivialization of E over U. If J=Jq is an almost complex structure on E, let J be 
the almost complex structure on U x C n given by 

J(x,c) = { d (x,c)^} 1 J <p(x£ d (x,c)P V (x,c) G UxC". (2.9) 
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The almost complex structure J restricts to i on TE V if and only if 

J {x ^w = iw G TcC n C T {x£) (UxC n ) Vice Tf, n . (2.10) 

If J restricts to i on TE V , the projection ir is (j, J)-holomorphic on E\\j if and only if there exists 

J vh G r(UxC n ;Hom R (7r{jrU,7r£„TC n )) s.t. 
J (se ^w = + Jg^u; Vw£ T X .U C T (x£) (U x C"). (2.11) 



If f er(U;£)> let 



By 



£^-i £= (idu,/), where /eC»(U;C 



2 ^jj^L = d| (:c) v9 o = d 5>)V 9 o { (Id TBU> d x f) + J c>) o (ld TxU , d x f) o j^} 

= d €>)V o(0,25/| a , + ^ ) oj ie ). 



(2.12) 



On the other hand, by ((2? 



dS\ x = 8(g-f t )\ x = §(x)-{d+6}f t \ 



(2.13) 



= <p[8f\ x + ^ • /(a 

By (I2TT21) and (|2TT3jh the property flZSD is satisfied for all ^GT(U; E) if and only if 

3 llc) = 2 i 9 --^) H*) = 2i^ • c* V (x,c) G UxC". 

In summary, the almost complex structure J=Jg on E has the three desired properties if and only 
if for every trivialization of E over an open subset U of £ 

J( x ^(wx,w 2 ) = () x wi,\w 2 + 2W x (w 1 ) • c*) (2.14) 
V (x,c) G UxC™, (wi.iifc) G T x XJ®TJC n = T {x ^(XJxC n ), 

where J is the almost complex structure on U x C n induced by J via the trivialization and 8 is the 
connection-one form corresponding to d with respect to the frame inducing the trivialization. 

(2) By (|2,14p . there exists at most one almost complex structure J satisfying the three properties. 
Conversely, (|2.14p determines such an almost complex structure on E. Since 

J( x ,c){ w ^ w ^) = J(x,c){)wi, iw 2 + 2W x (wi) -c*) = (fwi, i(iw 2 + 2\6 X ( Wl ) • c*) +2i9 x (}w 1 ) > £) 

= -(w 1 ,w 2 ), 

J is indeed an almost complex structure on E. The almost complex structure induced by J on E\\j 
satisfies the three properties by part (a). By the uniqueness property, the almost complex structures 
on E induced by the different trivializations agree on the overlaps. Therefore, they define an almost 
complex structure J = Jq on the total space of E with the desired properties. 
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2.3 Connections and <9-operators 

Suppose (SJ) is an almost complex manifold, tt: (E,i) — >T* is a complex vector bundle, and 

8: T(T,;E) — > r(S; T*H 0,1 ®cE) 
is a 3-operator on (E,i). A C-linear connection V in (E,i) is 9-compatible if 

9£ = dv£ = i(V£ + tV£oj) V£er(Af ; £). (2.15) 

Lemma 2.3. Suppose (S,j) is an almost complex manifold, tt : (E,i) — > S is a complex vector 
bundle, 

8: T(Y,;E) — ► r(S;T*S°' 1 (g)c J B) 

is a 8-operator on (E,i), and Jq is the complex structure in the vector bundle TE — >E provided 
by Lemma HOI A C-linear connection V in i) is 8-compatible if and only if the splitting 
determined by V respects the complex structures. 

Proof: Since Jq = ir*i on ir*E C TE 1 , the splitting (jl.lip determined by V respects the complex 
structures if and only if 

j d \ v o {d^ - v^L = K - V ^)L ° j* : T - s — ► T - E 

for all iGS, vEE x , and ^er(E;£') such that £(x) = 0; see the proof of Lemma ll.ll This identity 
is equivalent to 

&j B tf = dvS v?er(S;4 (2.16) 

On the other hand, by the proof of Lemma 12.2^ 

9j B ,lt = % V(er(E;i?); (2.17) 
see (f2TT2>(f2TTIj) . The lemma follows immediately from (pTTtJJ) and ([2TT7]) . 

2.4 Holomorphic vector bundles 

Let (S,j) be a complex manifold. A holomorphic vector bundle (E,i) on (S,j) is a complex vector 
bundle with a collection of trivializations that overlap holomorphically. 

A collection of holomorphically overlapping trivializations of (E, i) determines a holomorphic struc- 
ture J on the total space of E and a 9-operator 

8: T(E;E) — ► r(S; T*!] ' 1 ®^)- 

The latter is defined as follows. If £i, . . . ,£ n is a holomorphic complex frame for E over an open 
subset U of M, then 

k=n k=n 

8 £ = E V Z 1 , . . . , / fc G C°° (U; C). 

fc=l fc=l 

In particular, for all £ t £T(M; E) 

Bj£ = o = o. 

Thus, J = Jg, see Lemma f2T2l 
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Lemma 2.4. Suppose (S,j) is a Riemann surface and ir: (E,i) — >T, is a complex vector bundle. 
If 

d: r(E;E) — > r(S;T*S°' 1 ® c ^) 

is a d-operator on (E,i), the almost complex structure J = Jg on E is integrable. With this complex 
structure, ir: E — >T, is a holomorphic vector bundle and d is the corresponding d-operator. 

Proof: By (|2,8|) . it is sufficient to show that there exists a (J, j)-holomorphic local section through 
every point v£E, i.e. there exist a neighborhood U of x = ir(v) in E and £ er(U; E) such that 

= v and dj^ = 0. 

By Lemma 12.21 and (|2.13p , this is equivalent to showing that the equation 

{a + 0}/* = O, f(x)=v, /GC°°(U;C n ), (2.18) 

has a solution for every uGC n . We can assume that U is a small disk contained in S 2 . Let 

r/cS 2 — >[0,1] 

be a smooth function supported in U and such that r\= \ on a neighborhood of x. Then, 

r/9 G T(S 2 ; (T*S r2 ) ' 1 8)cMat ri C). 

Choose p>2. The operator 

G : L\{S 2 -X n ) — > LP(S 2 -{T*S 2 ) Q > l ® c £ n ) ©C", 8(/) = (dy/, /(*)), 

is surjective. If r] has sufficiently small support, so is the operator 

8, : L\(S 2 -C n ) — ► L P (S 2 ; (T* S 2 ) ' 1 ®cC n ) C n , Q v (f) = {{B^+rfi} f, f(x)). 

Then, the restriction of 0~ 1 (O, v) to a neighborhood of x on which r/ = 1 is a solution of (|2,18p . By 
elliptic regularity, 0~ 1 (O, v) G C 00 (S 2 ;C n ). 

2.5 Deformations of almost complex submanifolds 

If (M, J) is a complex manifold, holomorphic coordinate charts on (M, J) determine a holomorphic 
structure in the vector bundle (TM, i) — )• M. If (E,j) C (M, J) is a complex submanifold, holo- 
morphic coordinate charts on E can be extended to holomorphic coordinate charts on M. Thus, 
the holomorphic structure in TE — > E induced from (E, j) is the restriction of the holomorphic 
structure in TM\^. It follows that 

d M = c\: r(E;TE) — > r(E; T^E ' 1 ®^) C r(E; T*!! ' 1 ^™^) , 

where 5m and 9s are the <9-operators in TM|s and TE induced from the holomorphic structures 
in E and M. Therefore, 8m descends to a <9-operator on the quotient 

a:r(E;AA M S) =r(E;rAf| s )/r(S;TE) ^r(S;r*S°' 1 ®cAAA f S), 

where 

A/mE = TM| S /TE — »• E 
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is the normal bundle of E in M. This vector bundle inherits a holomorphic structure from that 
of TM|s and £. The above <9-operator on Mm is the 9-operator corresponding to this induced 
holomorphic structure on A/mS. 

Suppose (M, J) is an almost complex manifold and (E, j) C (M, J) is an almost complex submani- 
fold. Let V be a torsion-free connection in TM. Define 

Dj.x: r(£;TM| s ) — > r(£; ^S^cTM^) by 

= 5 (Ve + J o V£ o j) - I J o V 5 J: TE — > TM| E . (2.19) 

If V is the Levi-Civita connection (the connection of Lemma ll.2p for a J-compatible metric on M 
(and E is a Riemann surface), then Dj-s is the linearization of the <9j-operator at the inclusion 
map l: £ — >M; see |H Proposition 3.1.1]. 

In fact, Dj-y; is independent of the choice of a torsion- free connection in TM. Let 

V = V + #, € T(M; r*M(8) R Hom R (TM,TM)), (2.20) 
be another torsion- free connection; see (11.51) . Since V and V are torsion- free connections, 

{9(X)}Y = {9(Y)}X VX,YeT x M, xeM. (2.21) 
If x EM and X,Y £T(M;TM), 

{V Y J}X = Vy(JX) - JVyX, {V Y J}X = V Y (JX) - JVyX => 

{v y j}x - {v y j}x = - j{#(f)}x = {fl(jx)}y - j{#(x)}f (2.22) 

by (12301) and ([221]). On the other hand, by (|2~20j) for all leTE and £er(£;TM| s ), 



{V£ + J o V£ o j}(X) - {V£ + J o ve o )}(X) = {9(X)}£ + J{9()X)}Z 

= j{{e(jx)}z-j{9(x)}z), 



(2.23) 



since j = J|rs and J 2 = — Id. By f|2.22|) and (|2.23p . -Dj,£ is independent of the choice of torsion-free 
connection V. 

Since any torsion-free connection on £ extends to a torsion-free connection on M, the above 
observation implies that 

L> J;S : r(E; TE) — ► r(£; r*E 0,1 (g)cTE) C r(£; r*E 0,1 (8)cTM| s ). (2.24) 

Thus, an almost complex submanifold (E, j) of an almost complex manifold (M, J) induces a well- 
defined generalized Cauchy-Riemann operatoi0 on the normal bundle of E in M, 

D%x: r(E;AT M E) — > r(E;T*E°' 1 ® c Ar M E), = tt(A/ ;S (0) V£er(£; TM| s ), 



x see Section 
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where it: TM| e — >Nm^ is the quotient projection map. The C-linear part of Dj.^ determines a 
9-operator on the normal bundle of E in M: 

Bf. E -. r(s ; AT M s) ^r(s ; r*s ' 1 ®cAA M s), 
= \(D%dO - J^(JO) veer(E;Ar M s). 

Both operators are determined by the almost complex submanifold (E,j) of the almost complex 
manifold (M, J) only and are independent of the choice of torsion- free connection V in (|2,19D . 

Any connection V in TM induces a J-linear connection in TM by 

y J xi = Vx£ - \j&x J)£ VXGTM, iEV{M-TM). (2.25) 

If V is as in (j2~T9t 

{Dj,^}(X) = {B vJ (}(X) + Aj(X,0 - \{(Vj^J) + J(V f J)}(X) (2.26) 
for all ^GT(S;TM|s) and X6TE, where j4j is the Nijenhuis tensor of J: 

A/(6,6) = ^ ([&, 6] + J[Zi, J&] + 6] - [•/&, ^6]) V6,6er(M;TM). (2.27) 

Since the sum of the terms in the curly brackets in (|2.26p is C-linear in £, while the Nijenhuis 
tensor is C-antilinear, the C-linear operator 

r(£;TM| E ) -^r(E;T*S > 1 ® c TM| s ), £ — > 0^(0 - ^{(V J€ J) + J(V ? J)}, (2.28) 

takes r(E;TS) to r(E;T*S°' 1 (8)cTE) by (12T21D . Thus, it induces a ^-operator on A/" M E and this 
induced operator is d^ s . If the image of the homomorphism 

is contained in T*E 0,1 (g>cTE, then 9 v j preserves TE and induces a 3-operator d^j on A/mS with 
j = In this case, 

£>j-e(t(0) =7r(Ve + ^j(-,0):rS^MfS V£er(£;TM| E ). 

This is the case in particular if J is compatible with a symplectic form u on M and V is the 
Levi-Civita connection for the metric g(-, ■) = u(-, J-), as the sum in the curly brackets in (12.260 
then vanishes by [U (C.7.5)]. 

It is immediate that Aj takes TECSirTE to TE and thus induces a bundle homomorphism 

Ajf : TE ®r A/juE — >• AT M E . 
If C is any vector field on M such that ((i)=JgT i S for some xGE, then 

{£> J;E e}(x) = U[c,t] + j[jc,t])l> 

(2.29) 

(0 - \ ((v J€ j) + j(v e j)) } (x) = 1 ([c, e] + j[ jc, e] - At, + i^c, m)\ x , 
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since V is tor sion- free o These two identities immediately imply that the operators (|2.19p and (|2.28p 
preserve TEcTM|s and thus induce operators 

r(s ; AA M s) — > r(s ; r*E°' 1 (8) C A^fS) 

as claimed above. 

If g is a J-compatible metric on TM\s and it 1 - : TM\y, — >TY,- L is the projection to the ^-orthogonal 
complement of TE in TM|s, the composition V 1 " 

r(S;TS ± ) r(S;TM| s ) ^4 r(S; T*E® R TM| E ) A r(E;T*E(8) M rE ± ), 

with V" 7 as in (|2.25p . is a ^-compatible J-linear connection in TT,^. Via the isomorphism 
7r : TE -1 - — t-A/jv/E, it induces a J-linear connection V - ^ in A/jwE which is compatible with the 
metric <^ induced via this isomorphism from g\xT,^- If the image of the homomorphism 

TTj 1 - — > T*^ ' 1 0c TM\y, , £^V 5 J-JV J? J, (2.30) 

is contained in T*E 0,1 (g>c TE, then <9 v aa = <9j! s and so 

=vr(a v xe + Aj(-,e)):rE^AA A/ S V^er(S;TS ± ). 

This is the case if E is a divisor in M, i.e. ikcM = 1, since (V^ J)£ is g-orthogonal to £ and J£ for 
all £, ^GT^Af and i£M by [U (C.7.1)]. This is also the case if J is compatible with a symplectic 
form oj on M and <?(-, -)=u;(-, J-), as the homomorphism (|2.30p is then trivial by [U (C.7.5)]. 

3 Riemannian geometry estimates 

This section is based on [Tj Chapter 1] and {2j Section 3] and culminates in a Poincare lemma 
for closed curves in Proposition 13.61 and an expansion for the <9-operator in Proposition 13.131 If 
u : E — > M is a smooth map between smooth manifolds and E — > M is a smooth vector bundle, 
let 

r(u; E) = r(E; u*E), T^n; E) = T(E; T*S® R u*E). 
We denote the subspace of compactly supported sections in T(u;E) by T c (u;E). 

An exponential-like map on a smooth manifold M is a smooth map exp : TM — > M such that 
exp I m = idM and 

d x exp = (id Tl M id T:c Af ) : T X {TM) = T X M T X M — »• T X M V x G M, 

where the second equality is the canonical splitting of T X (TM) into the horizontal and vertical 
tangent space along the zero section. Any connection V in TM gives rise to a smooth map 
exp v : W — >M from some neighborhood W of the zero section M in TM; see [H Section 1.3]. If 
r) : TM — > R is a smooth function which equals 1 on a neighborhood of M in TM and outside 
of W, then 

exp : TM — > M, v — > exp v (jj(v)v) , 

2 Since LHS and RHS of these identities depend only £ and X = £(a;), and not on it is sufficient to verify them 
under the assumption that V£|a> =0. 
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is an exponential-like map. If M is compact, then W can be taken to be all of TM and exp = exp. 

If (M,g, exp) is a Riemannian manifold with an exponential-like map and xeM, let r exp (x) eM 4 " 
be the supremum of the numbers r eR such that the restriction 

exp: {f eT x M: \v\<r} — > M 

is a diffeomorphism onto an open subset of M. Set 

rf xp (x) =inf {d s (x,exp(w)): veT x M, \v\=r cxp (x)} G R+, 

where ci s is the metric on M induced by g. If if C M, let 

rf xp (K)= mf^pOr); 

this number is positive if KcM is compact. 

3.1 Parallel transport 

Let (.E, (,), V) — >M be a vector bundle, real or complex, with an inner-product (,) and a metric- 
compatible connection V. If a: (a, b) — > M is a piecewise smooth curve, denote by 

the parallel-transport map along a with respect to the connection V. If exp : TM — > M is an 
exponential-like map, x£M, and v£T x M, let 

lit; : E x y £/ e xp(u) 

be the parallel transport along the curve 

7„ : [0, 1] — > M, 7w (t) =exp(tu). 

If u: [a, 6] x [c, d] — >M is a smooth map, let 

II^m : -^u(a,c) ^ ^u(a,c) 

be the parallel transport along u restricted to the boundary of the rectangle traversed in the positive 
direction. If u: £ — >M is any smooth map, V induces a connection 

V u : T(u;E) — >r 1 (u;£) 

in the vector bundle u*E — ►E. If a is a smooth curve as above and CGT(a; -E), let 

^C = Vg t CGr(a;i?), 
where dt is the standard unit vector field on R. 



15 



d 



Figure 1: Extending a basis {vi} for E u u c \ to a frame {d} over [a, b] x [c, d] 

Lemma 3.1. If (M,g) is a Riemannian manifold and (E, (,),V) is a normed vector bundle with 
connection over M , for every compact subset K C M there exists Ck £ K + such that for every 
smooth map u : [a, b] x [c, d] — > M with Im uCK 

rd fb 

I Rdu - 1 1 < C K \ \ \u s \\u t \&s<\t, 

J c J a 

where the norm of (Hg u — I) GEnd(£ , u ( a c )) is computed with respect to the inner-product in E u u c y 
Proof: (1) Choose an orthonormal frame {v{} for E u f ac y Extend each V{ to 

ii ^ ^{ u \ax[c,d]i E ) 

by parallel-transporting along the curve t — >u(a, t) and then to Q GT(u; E) by parallel-transporting 
£i(a,t) along the curve s — >u(s,t); see Figure [TJ By construction, 



D 
ds" 



ti = 0eT(u;E). 



Let A be the matrix- valued function on [a, b] x [c, c£] such that 



D 
dt 







(»■*) 



(3.1) 



z=i 



where is the rank of i£. Note that Aij(a,t) = and 



ID D . D D 



Z=fc 



z=i 







ds' 



ds' 



where TZy is the curvature tensor of the connection of V. Since K is compact and the image of u 
is contained in K, it follows that 



(3.3) 



\Aij(b,t)\ < C K / K|( s ,t)Klo,t)ds. 

(2) The parallel transport of Q along the curves 

r — >u(t,c), t — >u(r,d), r — > u(a, r) 
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is Ci itself. Thus, it remains to estimate the parallel transport of each Q along the curve r — >u(b, r). 
Let hij be the SO^-valued function (U^-valued function if E is complex) on [c, d] such that 

MiA. 



dt 1 



CM) 



The second equation is equivalent to 

3=fe j=fc z=fc 

J>k(t)G(M) +J]J]A( J '(^!(M)fi(M) = ^ h' = -hA(b,-). (3.4) 
j'=i j=i l=i 

Since (the real part of) the trace of (Aij) is zero by (|3.2|) . equation (|3.4p has a unique solution in 
SOfc (or Ufc) such that /i(c) = I. Furthermore, by (|3.3p 

rd I'd I'd i'b 

\h(d)-\\< / \h\t)\dt< / |/i||^4|dt < k 2 / Cy« s ||u t |dsdf. (3.5) 

Jc Jc J c J a 

Since = ^^"^ hij(d)vj by the above, the lemma follows from equation (|3.5p . 

Corollary 3.2. If (M,g) is a Riemannian manifold and (E, (,), V) is a normed vector bundle with 
connection over M , for every compact subset K C M there exists Ck £ K + such that for every 
smooth closed curve a : [a, b] — > M with Im a C K 

|n a -l| < C E -min(||da||i,(6-a)||da|||). 

Proof: Let exp : TM — >• M be an exponential-like map. Since the group SO^ (or if E is 
complex) is compact and 

||da||? < (6-o)||da||i 
by Holder's inequality, it is enough to assume that 

Hdalli^min^iOAl). 

Thus, there exists 

a G C°°([a,b];T a ^M) s.t. a(t) = exp(d(i)), |a(t)| a ( a ) < r exp (a(a)). 

Define 

u: [0, l]x[a,b] — >KcM by u(s, t) = exp (sa(t)) . 

Using 



\a{t)\ < C K d g (a{a),a{t)) < C K \\da\ 



l« (*)l = |{da(t)exp} 1 (a'(t))| < C^|d t a| 



we find that 



«s0,*) = {d s&{t) exp}(a(t)) =>- \u s \ (Sjt) < C^||da||i ; (3.6) 

u t (s,t) = s{d S a(t)exp}(a(t)) => Kl( s ,t) < C^|d t a|. (3.7) 



Thus, by Lemma l3.1j, 

\U a -l\ = \U du -l\<C K [ [ \u s \\u t \dsdt < C' K \\da\\l < C' K (b-a)\\da\ 

JO J a 

Since ||da||i <rixp(-K"), it follows that 1| < Cx||da||i. 
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Corollary 3.3. If(M, g, exp) is a Riemannian manifold with an exponential-like map and (E, (,), V) 
is a normed vector bundle with connection over M , for every compact subset K C M there exists 
Ck £ C°° (R; R) such that for all x£K and smooth maps a: (— e, e) — > T X M and £ : (— e, e) — )■ ^ 



i=0 



IW'(O) 



<C JC (|a(0)|)|a(0)||a'(0)||f(0)|. 



Proof: Define 



u: [0,1] X [0,e/2] — >KcM by u(s, t) = exp («a(*)) . 
Let {fj} be an orthonormal basis for E^. Extend each v% to 

C» G r(«| [0)1]xt ;-E) 
by parallel-transporting along the curves s — >f(s,t). If 



8=1 



where /c is the rank of E, then 

n a(t) £(t) = ^/^)a(M) 



i=k 



i=l 
i=k 



i=k 



&(t 



D 



t=o 



£/[(o)Ci(i 1 o) + 5>(o) s <i(M 



i=i 



t=o 



i=k 



D 



n 5(0 )£'(o) + J>(o)-aM 



i=l 



t=0 



On the other hand, by (|3.ip . (|3.3p . and the first identities in (|3.6p and (|3.7p . 

i=fc 



di 



C<(i, *) 



l u s|(s,0)Ft|(s,0) 



ds 



(3.8) 



(3.9) 



(3.10) 



^|^(1,0)| <kC' K (\a(0)\) [ 

<C A -(|a(0)|)|a(0)||a'(0)|. 
The claim follows from (13. 9p and (13.101) . 

Remark 3.4. Note that f)3.3|) is applied with K replaced by the compact set 

exp ({veT x M: x£K, M<|a(0)|}); 

thus, the constants C^(|a(0)|) and Cx(|a(0)|) may depend on |a(0)|. If M is compact, then the 
first constant does not depend on |a(0)|, since (|3.3p can then be applied with K = M. The second 
constant is then also independent of K and |a(0)| if exp = exp v for some connection V in TM. So, 
in this case, the function Ck in (|3.8p can be taken to be a constant independent of K. 



18 



3.2 Poincare lemmas 

Lemma 3.5. If Q: S 1 — >~R k is a smooth function such that J 2lT ((9)d9 = 0, 

2 \(9)\ 2 d9< r\C'(9)\ 2 d9. 



Proof: Write 



n<oo 

Sn6 



((9) = £ w 

n>— oo 

see [U Section 6.16]. Since Q integrates to 0, Co = 0. Thus, 

r 2ir n<oo n<oo „2tt 



/ |CW| 2 d0 = 2vr^ |C„| 2 <2^^ |<„| 2 = / \('(9)\ 

J° n>-oo n>-oo ^° 



2 d9. 



Proposition 3.6. If(M,g) is a Riemannian manifold and (E, (,),V) is a normed vector bundle 
with connection over M , for every compact subset K CM there exists Ck G K + with the following 
property. If a G C°° (S 1 ; M) is such that Im a C K and ^,Q^Y{a;E), then 



|«V fl £,C»| < HVeelbUVeClb + ^mindldalliJIdall 2 )^!! 



2,11 



where Vq = \7g g is the covariant derivative with respect to the oriented unit field on S 1 and all the 
norms are computed with respect to the standard metric on S 1 . 

Proof: Identify E a ^ with M. k (or C fc ), preserving the metric. Denote by so(E a ^) w so^ (or 
u{E a (Q}) the Lie algebra of the Lie group SO(£ , Q ( )) ~SOfc (or of U(-E Q ( )) ^Ufc). For each 

XGso(-E Q ( )) (or x£ u (E a (o))), let e x G SO(E a ^) (or e x G U(£' a ( ))) be the exponential of x- Given 
v G -E Q (o) 5 let ( v (9) G -Eq,(6)) denote the parallel transport of v along the curve t — > a(t) with 0<t<9. 
By Corollary 13. 2^ there exists \ G so(E a ^) (or x^ u (-E"«(o))) such that 

|X| < C K min(||da||i,||da||l) and ( v (2ir) = e*(C v (0)) = V^G £ a(0) . (3.11) 

By the second statement in ()3.11|) . 

* : S 1 x £ a(0) — > a*£ , (0, u) — > Co-«x/*r (v) (*) , 

is a smooth isometry. Let $2 = vr 2 o^'~ 1 : a*E — > ^ a (0) an d 



By Holder's inequality and Lemma 13. 5[ 

|((v e c,C-*C))| < l|v fl cil2||C-*Cll2 

= ||V^|| 2 ||$2C-Cll2 < ||V*£||2||d($20l|: 

Note that 

||d($ 2 C)||2<||V e C||2 + |x/27r|||C||2 

< HVeClb + C^min (HdalU, ||d«||l) ||C|| 2 - 



(3.12) 



(3.13) 



19 



On the other hand, by integration by parts, we obtain 

«v^,c-*C» = «v e £,c» + «£, v*(*c)»- 

Since ty£ is the parallel transport of e 0x / 2,r £, 

|«£,V*(*C)»| < ||^|| 2 ||V (*C)ll2 = ||$||2|x/27r|||*C|| 2 
< Cjcmiadldalli, [|da|||)]|^]| 2 [|C[|a. 
The proposition follows from equations (|3. 12[) - (|3.15[) . 

Let Br^cM 2 denote the open annulus with radii r<R centered at the origin. 
Corollary 3.7 (of Lemma [33]) . There exists CeC°°(l;I) such that for all R€R + 

re(0,R], C^C°°(B R y,R k ), f ( = \\C\\i < C(R/r)R 2 \\dCh- 

Proof: It is sufficient to assume that k = l. Define 

Z-.s'^r by m= [ CMpdp. 

J r 

By Holder's inequality and Lemma 13.51 



(3.14) 



(3.15) 



2- 



R 



C(p,0)pd P 



d6J <2irJ \Z{6)\ 2 d9 < 2n J \£(6)\ 2 d9 

r2n / rR \ 2 

< 2tt (j \d M c\p 2 dp) d9 



(3.16) 



< 



irR 4 



4 [-2-k rR 



Jr 



\ d ( P ,e)C\ P d P dd 



^lldCIII 



If the function p — >((p,6) does not change sign on (r,R), then 



R 



\C(p,0)\pdp 



R 



a P ,6)pd P 



On the other hand, if this function vanishes somewhere on (r, R), then 



R 



C( P ,e)\ < / \d m (\dt v P 



/•ii ^>2 rR 

^ \^e)\pdp<— J \d m c\dt. 



Combining these two cases and using (|3.16j) and Holder's inequality, we obtain 



2tt r R 



Jr 



\((p,9)\pdpd9< 



2- 



R 



C(p,0)pdp 



d6 + 



R? 



2 r2ir rR 



<^||dC||2 + ^||dC||2 



Jr 
2-k rR 



Jr 



d(pfi)Q\dpde 

1/2 



' l dpd9 



(3.17) 



y|(l + v ^nW0)^ 2 ||dCI| 2 . 



Remark 3.8. By Corollary 14.71 below. C can in fact be chosen to be a constant function. Corol- 
lary 13.71 suffices for gluing J-holomorphic maps in symplectic topology, but Corollary 14.71 leads to 
a sharper version of Proposition 14.141 see Remark 14.131 
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3.3 Exponential-like maps and differentiation 

Let (M, g,exp, V) be a smooth Riemannian manifold with an exponential-like map exp and con- 
nection V in TM, which is 5-compatible, but not necessarily torsion-free. Let 

T v (£(z),C(*)) = (V 5 C-V C £-[£,C])L VxeM,£,Cer(M;TM), 

be the torsion tensor of V. If a: (— e, e) — >M is a smooth curve and £er(a; TM), put 

*a (0) («'(o); f (0), ^e[J = n-^ exp (m)\ s=0 ) = n^) ({^ «p}(^(o))) , 

where £'(0) ST^ )(TM) is the tangent vector to the curve £ : (— e, e) — >TM at s = 0. 

Lemma 3.9. If (M, g, exp, V) is a smooth Riemannian manifold with an exponential-like map and 
a g- compatible connection, there exists C £ C°° (T M ;R) suc/i i/iai 

$ x (v;w ,wi) - (v+wi-Tv(v,w )) < C(tu ) (| v| |^o 1 2 + ^o| I ^i I) 
for all x EM and v,wq,w\ET x M . 

Proof: Let a: (— e, e) — >M be a smooth curve and ^€T(a;TM) such that 



a(0) = x, a'(0)=v, S(0)=w , £c(s) 



s=0 



Put 



s=0 



{d too exp}(d WQ 77H(£'(0))), 



H VjWOiWl (t) = U tWo (v+tw 1 -tT^(v,wo)), 
where m t : TM — >TM is the scalar multiplication by t. Then, 

d 



Fv,v>q,w\ (0) 



ds 



a(s) 



s=0 



v = H v 



,w ,w 



!(0), 



D d /■ >/ 

t=o dsdt v 7 



D 



- Tv(v,w ) =wi- Ty(v, w ) = —H VtWOtWl (t) 



<*(*) 

see Corollary 13.31 Since 

F., WOt .(t) - H., m ,.(t) € Rom(T x M®T x M,T exp(two) M), 
combining the last two equations, we obtain 

\F V;W0)Wl (t) — H V)W0)V)1 (t)\ < C(w ,t)t 2 (\v\ + \wi\) V v,w ,wieT x M, x£M, te 
where C is a smooth function on TMxM. Since 

Fv,wo,wi(f) Hv,wo,wi(t) — Fvjtwojtwi (1) H V ,tWQ ,tw\ (1) 5 

we conclude that there exists C £ C°° {TM) such that 

(1) — flt, )11(()jt01 (l)| < C(u)o)(|tfo| 2 |u| + |u;o||wi|) V u,w;o,ifi £T X M, x£M, 

as claimed. 

For any u, u; , £T X M, let ^(v; io , u>i) = <£ x (t;; w , ^i) - (u+u>i-Tv(u,ti;o)). 



(3.18) 
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Corollary 3.10. If (M, g, exp, V) is a smooth Riemannian manifold with an exponential-like map 
and a g-compatible connection, there exists C €C°°(TM XmTM;M) such that 

® x (v; w ,wi)-$ x (v; w' ,w[) 

< c(w ,iv' )([(\wo\ + KI)M+KI+KI)K-<)I + (KI+Kl)K-m 

for all x£M and v,wo,wi,w' ,w' 1 £T X M. 
Proof: By the proof of Lemma 13.91 

for some smooth bundle sections <3?i, $2 : TM — > ir^ M Hom{TM,TM) such that 

\®i(w ; -)| < Ci(ioo)K| 2 , \h(w ;-)\<C 2 (wo)\w \ Vw eTM. 

Thus, 



\$i(w ;-) -®i(w' ;-)\ < C[(wo,w' )(\wo\ + \wq\)\wo-w' \ 
|^2(wo; •) - <3>2(u>o; -)| < C 2 (wo,w' )\w -w' \ 



V w ,w' eT x M. 



From the linearity of $>i(wo; •) and $2(^0; ') in the second input, we conclude that 
\$i(w ;v) - $i(v/ ;v)\ < C[(wq, w'q) (\wq\ + \w' q \)\u>o-w' q \ \v\, 

$2(^0; Wl) - ^2(w ]W l 1 ) < C2(Wo,w' )\w -w' \\wi\ + C2(w' )\w' \\w 1 -w' l \. 

3.4 Expansion of the 9-operator 

Let (M, J) and (S,j) be almost-complex manifolds. If u: S — >M is a smooth map, let 



r(n) = r(s ; -u*TM), rjjfa) = r(E;r*s ' 1 ® c «*rM), 

djjU = - (du + J o du o j) £ Tj^u), 



as in (|2.5p . If V is a connection in TM, define 

Dj hu : r(u) — ► rJfCu) by Dj,^ = ^(V"£ + JV?£) - ~(T v (du,0 + JT V (duoj,£)). 
If in addition exp: TM — )-M is an exponential-like map and VJ = 0, define 

exp u :i» -^C°°(£;M), 3 U , i\£ p : I» — > r°;f(u) by 
{exp u (£)}(z)=exp(£(z)) VzGS, {d u £}» = ^ ({dj,)(exp u (£))}») VzGS,t;Gr,S, 
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Lemma 3.11. If (M, J, g, exp, V) is an almost- complex Riemannian manifold with an exponential- 
like map and a g-compatible connection in (TM,J), there exists C £C°°(TM x mTM;M) with the 
following property. If (E,j) is an almost complex manifold, u : E — > M is a smooth map, and 
£,£'(Sr(V), then 

< c{t{z),?(z)) ((lecoi+^wi) (iv„ce- 01 + iv^e- eoi) 

for all z€E, f sT 2 S. Furthermore, (0) = 0. 

Proof: Since the connection V commutes with J, so does the parallel transport II. Thus, with 
notation as in Section 13. 3\ 

The claim now follows from Corollary 13.101 

Definition 3.12. Let M be a smooth manifold and (E, (,),V) a normed vector bundle with con- 
nection over M . If Co £ M + , (S,j) is an almost complex manifold, and u : E — )• M is a smooth 
map, norms \\ ■ \\ Pt \ and \\ ■ \\ p on F(u;E) and F^faE), respectively, are Co-admissible if for all 
£€T(u;E), neT l {u;E), and every continuous function f : E — >M, 

\\M\ P < \\ti°)\\p = WvWp, l|v u £ll P < U\\ P ,i, U\\c° < c ||£IU 

Proposition 3.13. If (JW, J, g, exp, V) is an almost- complex Riemannian manifold with an 
exponential-like map and a g-compatible connection in (TM,J), for every compact subset K<zM 
there exists Ck £C°°(M;R) with the following property. If (S,j) is an almost complex manifold, 
u: E — >M is a smooth map, and \\ ■ \\ p> i and \\ ■ \\ p are Co-admissible norms on T(u;TM) and 
r 1 (u;TM), respectively, then 

H^vSp(e) - ^ p (eoil p < ^(c'o+iici^i^+iieii^i+iie'ii^Ciieii^i+iie'iuoiie-^ii^i 

for all £ Furthermore, A^ p (0) =0. // the g-ball B g -s(u(z)) of radius 5 around f(z) for 

some zSE is isomorphic to an open subset ofC n and \£(z)\<5, then {N^ p £} z = 0. 

Proof: The first two statements follow from Lemma 13.111 and Definition 13.121 The last claim is 
clear from the definition of N^ p . 

Remark 3.14. As the notation suggests, one possibility for the norms || • and || • || p is the 
usual Sobolev L\ and L p -norms with respect to some Riemannian metric on E, where p>dimjRE. 
Another natural possibility in the diniRE = 2 case is the modified Sobolev norms introduced in [3l 
Section 3]; these are particularly suited for gluing pseudo-holomorphic curves. By Proposition 14 . 1 01 
below, in the dimiRE = 2 case the constant Co itself is a function of ||dn|| p only for either of these 
two choices of norms. 

Remark 3.15. By Proposition 13.131 the operator -DY:.,, defined above is a linearization of the 
9-operator on the space of smooth maps to M at u. If V is any connection in TM, the connection 

V : T(M; TM) — ► T(M;T*M® W TM), V„£ = - (y' v £ - JV V { Jf)) VueTM, £eT(M; TM), 



{A£p(m>)-{^ P (0}>) 
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is J-compatible. If in addition V' and J are compatible with a Riemannian metric g on M, then 
so is V. If V is also the Levi-Civita connection of the metric g (i.e. Ty = 0), 

T v (v,w) = -(J(V' w J)v - J(V v J)w) Vv,weT x M, xeM. 

If the two-form -) = g(J-, •) is closed as well, then 

X7' Jv J = -JV v J VuGTM 

by H (C.7.5)] and thus 

T v (v,w) = --(J(V' v J)w - J{V w J)v - (V Jv J)w + (V Jw J)v) = -Aj(v,w) Vv,weT x M, xGM, 
where Aj is the Nijenhuis tensor of J as in (jgjjTp . The operator I)Jj then becomes 

D5 ;w :r(u)^r°; ; 1 («), r>Jj ;tt e = 5v-e + ^j(5j;j«,o, (3-19) 

where 

i 

2 

This agrees with [IJ (3.1.5)], since the Nijenhuis tensor of J is defined to be — 4Aj in [A, pl8]. 



= ~(du- Jodnoj) G r(S;T*S 1 '°® c u*rM). 



4 Sobolev and elliptic inequalities 

This appendix refines, in the n = 2 case, the proofs of Sobolev Embedding Theorems given in [5] 
to obtain a C°-estimate in Proposition 14.101 and elliptic estimates for the 9-operator in Proposi- 
tions Oil and KM If R, r G M, let 

B R = {x£R 2 : \x\<R}, B Rir = B R -B r , B Rjr = B R - B r . 
4.1 Eucledian case 

If £ is an Revalued function defined on a subset B of M 2 , let supp R 2 (£) be the closure of supp(£) C B 
in M 2 . IfU is an open subset of E 2 , £ 6 C°°(U ; R k ), and p>l, let 

l/p 

lltll , = lltll _L \\AC\, 

IP 5 



be the usual Sobolev norms of £. 

Lemma 4.1. For every bounded convex domain VcR 2 , £ G C°° (P; M fe ) ; onrfxGD, 

2r 2 f 

where 2r$ is the diameter ofT>, \T>\ is the area ofT>, and 
is the average value of £ onT>. 
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Proof: For any y£T>, 

£(y) - £0) = ^ ^£(a:+i(y-a;))di = J d x+t{y _ x) £(y-x)dt. 
Putting g(z) = \d z ^\ if z£T> and <7(z) = otherwise, we obtain 

\£d — C( x )\ < t4r / |f(y)-C(«)|dl/< ,4 / / ff(^+t(2/-s))|y-x|dtdy. 
Rewriting the last integral in polar coordinates (r, 9) centered at x, we obtain 

-i p2tt (-Itq poo 

\tv-S(x)\<M / g(tr,9)r 2 dtdrd0 
\ u \ Jo Jo Jo 

-i p2tt i-2tq i-oo n 2 /"27r /■oo 

= W\Jo Jo Jo 9^ rdtdrde = ^£\j J Q 9(t,0)dtd9 

= ^jjd y C\\y-xr 1 dy. 
Corollary 4.2. For every p> 2, there exists C p >0 such that 



r€ [0,12/2], (GC°°(B R y,R k ) \£(x) - < C P R^ \\d^\\ p Vx,yeB R>r . 

Proof: For any x £ B Rr , put 

V x = {y£B Rtr : (x, \x\y-rx) >0}. 

If x 0, ^ is the part of the annulus on the same side of the line (x,y — rx/\x\) = as x; see 
Figure [2j In particular, 

diam^) < 2R, \V X \ > (|-^)l? 2 . 



Thus, by Lemma 14.11 and Holder's inequality, 

\t(x) - < 12 [ ^Wy-x^dy 



y&T> x 

ft \— - ( } 

<12l / \y-x\ A) " \\dt\\ p <C P 1?V ||de|U 

since < 2. Let 

x± = (±(R-r)/2,0), y± = (0,±{R-r)/2). 

Since each of the convex regions T) x± intersects T> y+ and T> y _ and T> x intersects at least one (in 
fact precisely two if r^O) of these four convex regions for every xEB R ^ r , 

|£(z)-£(y)| <8C p R P -^\\dt\\ p Vx,yeB R>r 

by (|4.1|) and triangle inequality. 
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(4.2) 



Figure 2: A convex region D x of the annulus X>r r containing x 

Corollary 4.3. For every p> 2, there exists C p e C°° (M + ; M) suc/i t/iai 

re [0,12/2], £eC°°(lV;K fc ) ||£|| C o < C p (fl)[|£[| P ,i- 

Proof: By Corollary 14.21 and Holder's inequality, for every x € -Br^ 

lewi < i&^l + <V2^iiden P < r^—r +c p r^ iideii P 

< |Bfl, r |-p||C|| P + C p ^||d^|| p < (l+C7p)i2-i(||e|| P + i2||d$|| p ). 

Lemma 4.4. For all R>0 and re [0,12), 

CeC°°(^ r ;]R fc ), supp M2 (C)C^ r ||C|| 2 < [|dC||i. 

Proof: Such a function £ can be viewed as a function on the complement of the ball -B r in M. 2 . 
Since £ vanishes at infinity, for any (x, y) e B^ r 

C(x v) = lf-ooUs,y)ds, if x<0; _ fj^CiOMjdf, if y<0; 

\-/ j rC(«,y)d-, if^>0; UX ' yJ \-/~CtOM)dt, ify>0. 

Taking the absolute value in these equations, we obtain 

/OO f'OQ 
|d( s , y )C|ds and |C(z,2/)| < / |d( X)t )C|dt, (4.3) 
-00 J —00 

where we formally set £ and d£ to be zero on the smaller disk. Multiplying the two inequalities in 
T3j) and integrating with respect to a; and y, we conclude 

00 />oo , />oo roo 



00J—00 J — 00 •/ — 00 



((x,y)\ 2 dxdy < ( / jd^ddxdy) 



as claimed. 

Corollary 4.5. For allp,q>l with 1 — 2/p > —2/q, there exists Cp i(? eM + such that 

re[0,R), £eC°°(l? R , r ;IR fc ), supp R2 (£) C B R , r ||£|| g < C^fi 1 "!*? ||d£||, 
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Proof: We can assume that k = l. For e > 0, let ( t = (£ 2 + e) 4 — e 4 - By Lemma |4, 41 and Holder's 
inequality, 



< \\Ce+ei \\l < 2 \\dQ\l + 2e* nR 2 = 2|||(£ 2 + e )f- 1 £d£|| 2 + 2e^R 2 

<^||(e 2 +e) l ^de||' + 26^ J R 2 <g 2 ||de||2||(e 2 +6) 2 ^|| 2 _^+2e^ J R 2 . 

p-1 

Note that 

2 2 g-2 p q-2 2q q 



(4.4) 



p g A p-1 A q - 2 2 

Thus, letting e go to zero in (|4.4p . we obtain 

lie[lS<^M;ifclir 2 =► ikii, < 

The case 1— | > — | follows by Holder's inequality. 

Remark 4.6. By Holder's inequality, the constant C Pt q can be taken to be 

C p>g = max(2,g)7rK 1_ l + l) . 
Corollary 4.7 (of Lemmas ETTl IP]) . There exists C>0 such that for all ReR + 

re[0,R], C£C°°{B R y,R k ), f ( = => ||C||i < OR 2 ||dC|| 2 . 

Proof: (1) If £eC°°(-BR ir ;IR fc ) integrates to over its domain, then so does the function 

C€C°°{B^ /R ;R k ), az)=((Rz). 

Furthermore, ||C||i = ||C||i/-R 2 and ||dC||a = ||dC||2. Thus, it is sufficient to prove the claim for R = l. 
(2) If r = 0, for some open half-disk T>GBi^ 



C = o, Cb^dClli. (4-5) 

V L 

By the first condition, Lemma 14.11 and Holder's inequality 

||CMIi<-/ ! IdwCllv-^r^cLr < 16 / |d y C|d?/ < 8v^F||dC|| 2 ■ 
7f JdJv Jv 

Along with the second assumption in (|4.5p . this implies the claim for r = with C = 16\/2~7r. 
(3) Let /3: R — > [0, 1] be a smooth function such that 



P{t) 



1, if t < 1/2; 
0, if t > 1 . 



It remains to prove the claim for all r > and R = 1 . By (|3.17p , we can assume that 

r < = < = . (4.6 

48v / 3^||/3 / || c o 96^/3¥ 
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1 

2r . r ill — 25 



We first consider the case 

||C|B 2 r.rll i - — IMI i • 
Using polar coordinates, define £ G C°°(Bi tr ; M k ) by 

By Holder's inequality and Lemma H3J 

||C|B ar , r |li < V&HCIIa < V^r||dC||i < v&(||dC||i + H/^lbollCkvJi)- 
Along with the assumptions (|4.6p and (|4.7p . this implies the bound with 



(4.7) 



C = 25- 



37rr 



Finally, suppose 



1 - 24V37T||p|| c o 
1 



| Cl-02r,r 1 1 1 



< 



25 



25 

- < — 

r ~ 48 



l- 



(4.8) 



Split the annulus Bi <r into 3 wedges of equal area; split each wedge into a large convex outer 
portion and a small inner portion by drawing the line segment tangent to the circle of radius r and 
with the end points on the sides of the wedges 2r from the center as in Figure El By (|4.8p , 



A=\\(\v 

for the outer piece P+ of some wedge T>. If 



(4.9) 



C 



3 . 
< —A, 
~ 10 ' 



then by Lemma 14.11 (|4.6p . and Holder's inequality, 
A < —A + - ' 



10 



1 



1 



< — A + 
~ 10 2vr 9 



: M " V 96^3^7 
9 7^2 



V+JV 



\dyC\\y-x\ 1 dydx 



• 2vrv/3 jT |d y C|dy < ^4 + 7v^||dC||2 . 
Along with the assumption (|4.9p . this implies the bound with C = 125\/27r/4. If 

c 



P4 



>Aa. 

- 10 



then by IfES) . and (1336]) . 

<(a + Ia 



v 



2tt 



de 



A--A) + 



lKlb = ^ + V|lldCI| 2 . 



Along with the assumption (|4.9p . this implies the bound with C = 125\/27r / '4. Since /3 can be 



chosen so that 



<3 (actually arbitrarily close to 2), comparing with (|3.17p for i?/r = 144v37r 



we conclude that the claim holds with C = 125v27r/4 for all r. 
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Figure 3: A large convex region T> + of an annulus T> 



4.2 Bundle sections along smooth maps 

Let (M,g) be a Riemannian manifold and (E, (,},V) a normed vector bundle with connection 
over M. If ueC°°(B R y, M), £eT(u;E), andp>l, let 

u\\p = ( L iieii Pi i = neii P + iiv^ii P . 

Lemma 4.8. // (M,g) is a Riemannian manifold, (E, (,),V) is a normed vector bundle with 
connection over M , and p,q>l are such that 1 — 2/p > —2/q, for every compact subset K C M 
there exists Ca-; P , ? GIR + with the following property. If i?GlR + , r£[0,R), u£C°°(Bii, r ; M) is such 
thatlmuCK, and (,£F c (u; E), then 

U\U < CkmR 1 -^ (||V u el| P + U®du\\ p ). 

Proof: Let exp: TM — >M be an exponential-like map and {U : i£ [N]} a finite open cover of K 
such that the ^-diameter of each set Ui is at most ri Kp (K)/2. Let {Wi : i£ [N]} be an open cover 
of K such that Wi C Ui. Choose smooth functions r/j : M — > [0, 1] such that r\i = 1 on Wi and m = 
outside of U{. For each i £ [iV], pick Xi £ Wj. For each z £ u _1 ([/j) C -BR, r > define £ii(z) £ T Xi M and 
Ci^E^, by 

expj.. nj(z) = u(z), |u;(z)| < r exp (xi); n fi .( z) &(;z) = £(*r). 

For any z&Br^, put ^j(z) = 77i(w(z))^(z). Since (iSC™^,;^), by Corollary 14.51 there exists 
Cj;p,g > such that 

||CI«-i(wi)ll g = ll&lu-wll, < < Ci^-i+f ||d|i|| p . (4.10) 

Since d£j = (d^o du)^i + (770 u)d£j on u~ l {Ui) and vanishes outside of -u _1 (C/j), 

||d&|| p < ||d^L-i (c/i) || p + Ci\\^du\\ p . (4.11) 
On the other hand, by Corollary 13.31 if u(z) £ Ui 

v<U-n fii(z) od z & < Cjf|d z «||^)|. (4.12) 
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Combining equations (|4.10p - (|4,12p . we obtain 

||ei«-iCWi)|| g < C^R'-l^iUWp,! + U®du\\ p ). 
The claim follows by summing the last inequality over all i. 

Lemma 4.9. If (M,g) is a Riemannian manifold, (E, (,), V) is a normed vector bundle with 
connection over M, and p > 2, for every compact subset K C M there exists Cx-p £ C°°(R + ;R) 
with the following property. If R Gf + , r£ [0,R/2], u£ C°° {B r^; M) is such that lmuCK, and 
£er(u;E), then 

U\\C0<C K ; P (R){U\\P,1 + U®du\\p)- 

Proof: We continue with the setup in the proof of Lemma 14.81 By Corollary 14.31 

Iklw-^wyllc - H&llc < Ci- P (R) 11^,1 < C i;p (R) (|| ^lu-i^^Hp + l|d&|| p ). 
As above, we obtain 

||d£|| p <Q(||V M £|| p + ||^du|| p ), 

and the claim follows. 

Proposition 4.10. If (M,g) is a Riemannian manifold, (E, (,), V) is a normed vector bundle with 
connection over M, and p>2, for every compact subset K<zM there exists Cx-,p G C°°(R + x R; R) 
with the following property. 7/i?GR + , r£ [0,R/2], u£C°°(Bfi^ r ;M) is such that lmuCK, and 
£ &F c (u; E), then 

U\\ c o <C K . p {R,\\du\\ p )U\\p,i. 
The same statement holds if B^ r is replaced by a fixed compact Riemann surface (T,,gs). 

Proof: By Lemma 14.91 applied with p = (p+2)/2 and Holder's inequality, 

[leilco < C K;P (R)(U\\ P;1 + U®du\\ p ) < C K . <P (R)(U\\ P>1 + \\du\\ P U\\ qi ), (4.13) 

where q\ = p(p+2) / [p— 2). If q\ <p, then the proof is complete. Otherwise, apply Lemma 14.81 with 
pi = 2gi/(gi + 2) and Holder's inequality: 

UU < C K . m {R){U\\ Pl ,x + U®du\\ Pl ) < C K;1 (R)(U\\ P>1 + \\du\\ P U\\ q2 ), (4.14) 

where q2 = PPi/(p — Pi)- If <Z2 < P, then the claim follows from equations (|4.13p and (|4.14p . 
Otherwise, we can continue and construct sequences {pi}, {qi}, {Ck-,i} such that 

Pi = — -zi Qt+i = ; ( 4 - 15 ) 

Qi + 2 p-Pi 
Uh<C Kr i(R){U\\ P ^ + \\duUa qi+ i)- (4-16) 
The recursion (|4.15p implies that 

2p 

= n ~i =^ lf H > °) tnen < < Qi- 

2p+ (p-2)qi 

Thus, if qi>2 for all i, then the sequence {%} must have a limit q>2 with 

2p 

2p + {p-2)q 

since p > 2 by assumption. Thus, qjy <p for N sufficiently large and the first claim follows from 
(|4.13p and the equations (|4.16p with i running from 1 to N, where N is the smallest integer such 
that qN+i <P- The second claim follows immediately from the first. 
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4.3 Elliptic estimates 

If A\ =Bji 1;ri and A2 = BR 2y r 2 are two annuli in M 2 , we write A2 if R1—R2 >S and r 2 — V\ >5. 

Lemma 4.11. For any 5>0, p>l, and open annulus A\, there exists Cg tP (Ai)>0 such that for 
any annulus A2<£sAi and £&C°°(Ai; C k ), 

U\A 2 \\ pA <csAAi){\m P + \m 2 + u\\i), 

where the norms are taken with respect to the standard metric on M. 2 . 

Proof: We can assume that A2 is the maximal annulus such that A2 <£<5^4i- Let r/: A\ — > [0, 1] be 
a compactly supported smooth function such that t/|a 2 =1- By the fundamental elliptic inequality 
for the 9-operator on S 2 [4J Lemma C.2.1], 



||CU 2 || Pil < H\\p,i < C p (A 1 )(\\B(r ) 0\\ P +H\\ P ) 

<cMi){\\da P +\\(dv)a P +\m\ P )- 

By Corollary 14.51 with (p, q) = (2,p) and (p, q) = (l, 2) and Holder's inequality, 



(4.17) 



H\\ P < c^Ajwdhoh < Cp^odideib + ii(d^n 2 ) 

< ^(AOdld^Ha + ||d((dt/)OI|i) < ^(AOdldClb + Udell! + Uh) (4.18) 

Similarly, 

||(d77)ei|p<C,5 )P (^i)(l|dC||2 + ||ei|i)- (4-19) 
The claim follows by plugging (|4.18|) and (|4.19p into (|4.17p . 

Corollary 4.12. For any 5>0, p> 1, and open annulus A\, there exists C§ p (Ai) >0 such that for 
any annulus A2<^$A\, and £ S C°°(A\\ C n ), 

iideun^c^wdi^iip + iidcih). 

Proof: With \A\\ denoting the area of A±, let 
be the average value of £. By Lemma |4.11| 

m\ A2 \\ P = \m-o\A 2 \\ P < c s , P (Ai){\m-o\\p + m-oh + u-th) , m 

= 0^(^0(1^11, + 11^112 + 11^10. ' 

The claim follows by applying Corollary 14.71 with £ = £ — £• 

Remark 4.13. The case r\ > (which is the case needed for gluing pseudo-holomorphic maps 
in symplectic topology) follows from Corollary 13.71 Corollary 14.71 can be used to obtain a sharper 
statement in this case (that Cs, p (Ai) does not depend on r±). The r% = case requires only the 
first two steps in the proof of Corollary 14.71 
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A smooth generalized CR-operator in a smooth complex vector bundle (E, V) with connection over 
an almost complex manifold (M, J) is an operator of the form 

D = dxj + A: r(M; E) — ► T(M; T* M 0,1 ®cE), 

where 

5v£ = ^(V£ + iVj£) VeGr(M;TM), ier(M;Hom(£;rM ' 1 ^))- 

If in addition it: £ — >-M is a smooth map from an almost complex manifold the pull-back 

CR-operator is given by 

D u = <9v« + Aodu: T(u;E) — )• r 'V;£). 

Proposition 4.14. // (M,g) is a Riemannian manifold with an almost complex structure J, 
(E, (,), V) is a normed complex vector bundle with connection over M and a smooth generalized 
CR-operator D, andp>l, then for every compact subset KcM, 5>0, and open annulus AiCM?, 
there exists Ck-,8,p(Ai) G M + with the following property. If u G C°° (Ax; M) is such that ImuG K , 
£€T(u; E), and A2<£s A\ is an annulus, then 

||V^U 2 || p < C K]S>p (Ax)(\\D u t;\\ p + \\V u Ch+ U®du\\ p ), 

where the norms are taken with respect to the standard metric on M 2 . 

Proof: We continue with the setup in the proof of Lemma 14.81 By Corollary 14.121 

||d&U 2 |L < c i . Ap (A 1 )(\\d£ i \\ p + ||d&|| 2 ) 

/ ni~ ( 4 - 21 ) 

< C rAp( A ^\\\ d ^- 1 (U l )\\ p + \\dZi\ti-HUi)\\2 + W€®M\p)- 

Since V commutes with the complex structure in E and Ci = d on u (Wi), it follows from (I4.12P 
and (|4T211 that 

llV^Uanu-ifwollj, < ||d|ik|| p + CjcllC®du|| P 

< Q ;(5 , p (^i)(||av^ll P + l|V^|| 2 + U®du\\ p ) (4.22) 

< C , i . S j,(A 1 ){\\D u Z\\ P + HV u ei| 2 + \\&du\\ p ). 
The claim is obtained by summing the last equation over all i. 

Lemma 4.15. If (M,g) is a Riemannian manifold with an almost complex structure J, (E, (,), V) 
is a normed complex vector bundle with connection over M and a smooth generalized CR-operator D, 
and p > 2, then for every compact subset K C M and open ball B C M. 2 , there exists Ck-b p G 
C°°(1R;M) with the following property. If u G C°°(B; M) is such that lmuCK and £ G T c (u; E), 
then 

iieiUi<c^;B )P (iid«ii P )(p„eiip + iieii P ), 

where the norms are taken with respect to the standard metric on M 2 . 
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Proof: By an argument nearly identical to the proof of Proposition 14.141 

lieiki < C K . pl (B)(\\D u t;\\ p , + ||e|| p ' + M®du\\ p ,) 
for any p'>l. On the other hand, by Proposition 14. 101 

UWco <c k .,b,p(\\M\p)U\\p,u 

where p=(p + 2)/2. Proceeding as in the proof of Proposition 14. 101 we then obtain 

u\\ P ,x < c K;B , p (\\du\\p){\\D^\\ p + u\\ P + iid«ii P neii ft i), 

UWpa < c KrP (B)(\\D u £\\ p + U\\ P + [|<HM£iy , 
U\\ qi <c Kvi , q m{U\\put + U^M\ Pi ) 

< c K;B 4\\du\\ p )(\\D u t\\ p + u\\ P + \\M\ P U\\ qi+1 ); 

we stop the recursion at the same value of i = N as in the proof of Proposition 14.101 

Proposition 4.16. If (M,g) is a Riemannian manifold with an almost complex structure J, 
(E, (,},V) is a normed complex vector bundle with connection over M and a smooth generalized 
CR-operator D, and p > 2, then for every compact subset K C M and compact Riemann surface 
(£,<7s), there exists Ck-,e, p £ C°°(1R; R) with the following property. If u € C°° (S; M) is such that 
ImuCif and £&T(u; E), then 

\\%A<Ck^A\\Mp)(\\DA + U\\ p ). 
Proof: This statement is immediate from Lemma 14.151 
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